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Following an earlier construction of exactly soluble lattice models for abelian fractional topolog-
ical insulators in two and three dimensions, we construct here an exactly soluble lattice model for
a non-abelian ν = 1 quantum Hall state and a non-abelian topological insulator in two dimen-
sions. We show that both models are topologically ordered, exhibiting fractionalized charge, ground
state degeneracy on the torus and protected edge modes. The models feature non-abelian vortices
which carry fractional electric charge in the quantum Hall case and spin in the topological insulator
case. We analyze the statistical properties of the excitations in detail and discuss the possibility of
extending this construction to 3D non-abelian topological insulators.
I. INTRODUCTION
The theoretical study of topological states of mat-
ter has greatly benefited from the discovery of exactly
soluble models whose ground states can be shown to
be fractionalized topological states of matter. Exam-
ples of such models are exactly soluble Hamiltonians for
fractional quantum Hall states1, the Toric Code2, non-
abelian string-net states3, and models for fractionalized
topological insulators4. Topological states of matter are
particularly suitable for such studies, since their topo-
logical properties are protected against changes in the
Hamiltonian as long as the energy gap separating the
ground state from the excited part of the spectrum does
not close.
In an earlier work4 we constructed exactly soluble
models for fractionalized topological insulators5 in both
two and three dimensions. Several properties make these
models “fractionalized”: they have excitations that carry
fractional charge, they have excitations that follow frac-
tional mutual statistics, and their ground state is degen-
erate when the system resides on a topologically non-
trivial manifold. Likewise, several properties make them
topological insulators: they are time reversal invariant
and charge conserving, their bulk is gapped, and they
have gapless surface modes that are protected as long as
time-reversal symmetry and charge conservation symme-
try are not broken. The key step in constructing these
models was to couple non-interacting electrons to a solv-
able system of charged hard-core bosons that realized
a Zk gauge theory. Even without interactions between
the electrons themselves, the interaction with the bosonic
system was enough to drastically modify the low-energy
physics, which featured gapless surface and edge excita-
tions with fractional charge and fermionic statistics, as
well as bulk excitations with fractional statistics.
In the models constructed in Ref. 4 the mutual frac-
tional statistics between excitations was abelian. It is a
natural to ask whether a similar construction could re-
sult in a non-abelian fractional topological insulator in 2
and 3 dimensions. Here we carry out the first steps of
this program, with a focus on the 2D case. By coupling
the non-interacting electrons to a system of two flavors of
uncharged bosons we construct an exactly soluble model
for a non-abelian ν = 1 quantum Hall state and also a
model for a 2D non-abelian fractional topological insu-
lator. We also briefly discuss the generalization to 3D
non-abelian fractional topological insulators.
The bosonic Hamiltonian that underlies our construc-
tion is a variant of one of the generalized toric code
models of Kitaev.2 These models can realize any discrete
gauge theory; here we consider the simplest non-abelian
gauge group D3. The resulting model has excitations that
follow non-abelian mutual statistics. Our strategy is to
glue the excitations of the bosonic model to electrons, and
to put these composite particles in topologically nontriv-
ial band structures such as integer quantum Hall states
and topological insulators.
The structure of the paper is as follows. Section II
summarizes our results. Sections III and IV introduce
the bosonic model, first in an abstract group theory lan-
guage, based on Ref. 2, and then a realization in a system
of bosons. Sections V, VI introduce the notion of ribbon
operators and employ them to describe how topological
defects are introduced to the bosonic system. Section
VII glues these defects to electrons, creating composite
particles with interesting properties. Section VIII intro-
duces our main result: it defines a lattice Hamiltonian
that puts these composite particles into two topological
band structures – a quantum Hall state and a 2D topo-
logical insulator state. Section IX explains the distinc-
tion between local and topological degrees of freedom and
presents a calculation of the ground state degeneracies in
our model. Section X analyzes the statistical interaction
between different excitations of the model. We conclude
and discuss the 3D case in section XI. Three appendices
give some technical details.
II. SUMMARY OF RESULTS
This section is aimed at introducing the reader to our
model and its properties, emphasizing the physical pic-
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FIG. 1. The Hilbert spaces are on the links, which we have
denoted with orange dots; we have suppressed link orienta-
tions in the picture. The operators B act on the plaquettes,
while the operators A act the on stars. A combination of a
plaquette P and one of its vertices s is a site x.
ture and leaving the details to the following sections.
A. Constructing an exactly soluble model
Our construction proceeds in a few steps: in the first
step we create an exactly soluble lattice boson model
whose spectrum includes excitations with non-abelian
mutual statistics. In the second step we add electrons
to the lattice and design an electron-boson interaction
which binds each electron to a carefully chosen abelian
bosonic excitation. This binding creates a composite par-
ticle which is still a fermion with respect to other parti-
cles of its own kind, but has nontrivial mutual statistics
with other excitations of the bosonic system. In the third
step we construct a hopping term on the lattice that al-
lows the fermionic composite to hop between lattice sites
without exciting any other degrees of freedom. Finally,
we choose the hopping amplitudes so that the fermionic
particles are placed in one of the canonical 2D topological
band structures: either a ν = 1 quantum Hall state or a
2D topological insulator (we comment on the extension to
non-abelian 3D topological insulator in the conclusion).
The bosonic model we construct in the first step is es-
sentially a bosonic version of a generalized ’toric code’
Kitaev Hamiltonian2, based on a discrete non-abelian
group D3. We consider a system of two flavors of bosons,
m and n, which live on the links 〈ss′〉 of a square lattice
and we introduce a Hamiltonian composed out of two
parts HB = H1 +H2, both of which are projectors.
The first one, H1, can be thought of as a ’charging
term’; it assigns zero energy to certain preferred configu-
rations {nnss′ , nmss′} of the bosonic occupation numbers (in
the gauge theory picture they correspond to the absence
of ’magnetic’ fields) and it does so by coupling all the
bosonic degrees of freedom on the links around a plaque-
tte P . Other configurations are defined to be of positive
energy. The spectrum of H1 is discrete and highly de-
generate.
The second term, H2, is the ’hopping’ Hamiltonian,
which makes the bosons hop between the neighboring
links in a coordinated fashion. Likewise, H2 has a dis-
crete spectrum. A crucial aspect – resulting in solubility
– is the fact that the two parts are mutually commut-
ing: [H1, H2] = 0. Thus the hopping Hamiltonian H2
has matrix elements only between degenerate states of
the charging Hamiltonian and it (partially) splits the de-
generacy of the ground state. The residual degeneracy
of the ground state depends on the topology and can be
explicitly calculated: it is equal to one on the plane and
is equal to the number of topologically distinct quasi-
particle types in the theory – i.e. 8 for the D3 case we
consider – when placed on the torus. The system is thus
topologically ordered.
The second step of the construction involves introduc-
ing electronic degrees of freedom which live on the ver-
tices s of the lattice. We couple the electrons to the
bosonic system by modifying the ’hopping’ Hamiltonian
(H2 to H
A
2 ) in such a way, that it is energetically pref-
erential for the system to create one of the excitations
of H2 whenever there is an electron present at a given
vertex s. The precise excitation we choose is an abelian
quasiparticle which we refer to as the “A-charge.” The
word ”charge” in the term ”A-charge” refers to topolog-
ical, rather than electromagnetic, charge. The A-charge
is electrically neutral, since all bosons in our model are
neutral. The composite excitation we create is then made
up of an electron bound to an A-charge. This excitation
has a unit electric charge, spin 1/2. It has fermionic self-
statistics and nontrivial mutual statistics with respect to
the other excitations of the bosonic system.
We then introduce a hopping term Hhop for these com-
posite excitations, which still commutes with all other
terms in the Hamiltonian, thus allowing the electron/A-
charge particles to move around without dissociating.
These composite particles are low-energy excitations of
our model and in many ways behave just like free elec-
trons, so we can put them in an electronic band structure
of our choosing. Here we focus on two topologically non-
trivial band structures: (1) a ν = 1 integer quantum Hall
state and (2) a quantum spin Hall/topological insulator
state.
B. Properties
For either of the above band structures, the resulting
model realizes a 2D non-abelian topological phase: in
the first case, the model realizes a non-abelian quantum
Hall state with Hall conductance σH = 1, while in the
second case it realizes a non-abelian fractional topological
insulator. In both cases, the underlying topological order
originates from the bosonic system.
To analyze this topological order, we recall that gener-
alized Kitaev Hamiltonians, such as the one used in our
3construction of the bosonic model, are in fact equivalent
to discrete gauge theories – in our case a D3 gauge the-
ory. This allows us to identify the different excitations
present in the system, of which there are several types:
the abelian A-charges and the non-abelian B-charges,
the r- and τ -vortices and three types of dyons i.e. non-
trivial vortex/charge composites. Finally we have our
electron/A-charge composites which carry a unit electric
charge and are semions with respect to the τ -vortices.
The r- and τ -vortices, as well as the B-charges and
the dyons are non-abelian particles and therefore carry
nonlocal, topological degrees of freedom. These degrees
of freedom are insensitive to local perturbations and can
only be accessed by braiding or fusing the non-abelian
particles. We analyze in detail the topological braiding
operation in a convenient basis of ribbon operators and
explicitly show the connection to the associatedR-matrix
acting on the space of topological degrees of freedom.
The ribbon operators appearing in the model, which
we denote by F , are a generalized form of the familiar
string operators of the Toric Code, which create excita-
tions of the system and whose support is strictly limited
to links forming a ribbon ρ, i.e. a narrow strip delimited
by a path on the lattice and an adjacent path on a dual
lattice as shown in Fig.(2A). These operators commute
with every term in the Hamiltonian except possibly the
terms located at the ends x0, x1 of the ribbon (each end
comprising one site and one plaquette). Well chosen rib-
bon operators can create excited eigenstates of the H1
(associated with the plaquettes) or H2 (associated with
the vertices) parts of the Hamiltonian – or both – which
correspond to vortex, charge and dyon type excitations,
respectively. Furthermore, it is possible to derive many
interesting properties of the excitations in the system, in-
cluding braiding statistics and fusion just using the prop-
erties of the ribbon algebra (i.e. the commutation and
other relations between various ribbon operators). We
review the properties of the ribbon algebra in section V
and explain in detail how to create an excited eigenstate
using their linear combinations. We derive the braiding
statistics for D3 and show that the physical picture is the
one expected in the framework of a D3 gauge theory.
In the case of the non-abelian quantum Hall state,
some of the quasiparticle excitations carry fractional
charge in addition to fractional statistics. In particular,
we show that the τ -vortices have fractional charge 1/2
(in units of e). This fractional charge is important be-
cause it implies that these particles have smaller charge
than any other quasiparticle and therefore can be easily
excited. We discuss a scheme for doing this and com-
ment on how these manipulations will effect non-abelian
transformations on the state of the system.
In the case of the non-abelian fractional topological in-
sulator, none of the excitations carry fractional charge,
but there are neutral excitations that carry the spin of
an electron. This state also exhibits several other in-
teresting properties (in addition to non-abelian braiding
statistics). First, it has a non-vanishing spin-Hall con-
ductivity: σsH = 1 in units of e/2pi. Second, it has
protected edge modes that cannot be gapped out with-
out breaking time reversal or charge conservation sym-
metry. This combination justifies the name “non-abelian
2D topological insulator.”
III. THE KITAEV HAMILTONIAN
In this section we review Kitaev’s construction of a
Hamiltonian that realizes a discrete gauge theory of a
general group G. The construction was presented in Ref.
2 as well as Ref. 6, and for some of the details we will refer
the reader to these papers. In the next section we will
translate this abstract construction to an explicit bosonic
Hamiltonian.
The model is specified by a finite, discrete group G,
in our case G = D3, and lives on the links of a square
lattice (Fig.1). The Hilbert space of the model is H =⊗
linkHlink and Hlink = C[G], i.e. the complex Hilbert
space for a single link is spanned by the group elements
of G. Each link comes with an orientation, whose change
may be thought of as a basis change in which a basis
vector |g〉 is mapped to its inverse |g¯〉.
We now introduce the linear multiplication operators
L±g and projection operators T
±
g labeled by the group
elements, whose action on the basis states is:
L+g |h〉 = |gh〉, L−g |h〉 = |hg¯〉 (1)
T+g |h〉 = δg,h|h〉, T−g |h〉 = δg¯,h|h〉. (2)
The Hamiltonian is composed of two types of terms:
the hopping terms, or ’gauge transformations’ As which
live on the vertices and the charging terms, or ’Wilson
loops’ Bp which live on the plaquettes of the lattice. The
hopping term is:
As =
1
|G|
∑
g
As,g =
1
|G|
∑
g∈G
Lj1g L
j2
g L
j3
g L
j4
g , (3)
where the labels ji refer to the orientations of the links
incident on site s; ji is + if the link is outgoing and − if
it is incoming.
The charging term on a plaquette P with edges labeled
1, . . . , 4 is:
BP = BP,e =
∑
g1g2g3g4=e
T j1g1 T
j2
g2 T
j3
g3 T
j4
g4 , (4)
where the links bordering the plaquette are taken in
counterclockwise order; the orientations ji are positive if
they agree with this order and negative otherwise. The
subscript e in BP,e denotes that the operator projects
onto the states such that the product of group elements
around the plaquette is the identity element e. Analo-
gously we could define operators BP,h on each plaquette
for an arbitrary h ∈ D3.
Both As and BP operators are projectors, i.e. their
eigenvalues are either 0 or 1. The most important fact
4is, however, that all these operators commute with each
other for all vertices s, s′ and plaquettes P, P ′:
[As, BP ] = [As, As′ ] = [BP , BP ′ ] = 0. (5)
The Kitaev Hamiltonian is now given by:
HK =
∑
s
(1−As) +
∑
P
(1−BP ) (6)
The crucial point about this Hamiltonian is that since
all of its components commute, it can be diagonalized in
the basis of the eigenstates of the As and BP operators.
Since all of its components are projectors the spectrum is
discrete (in particular there is a gap between the ground
state and the first excited state). The ground state has
energy E = 0 and corresponds to the eigenvalues of all
As, Bp operators being equal to 1. It is easy to see that
the ground state of this Hamiltonian on the sphere is
unique and is given by a totally symmetric superposi-
tion of all link configurations such that the product of
elements around every plaquette is equal to identity. Its
degeneracy on the torus is analyzed in section (IX).
The excited states can be described in terms of local-
ized particle excitations associated with sites x, which
are formed by a plaquette P and one of its vertices s as
shown in FIG.(1). We will describe the ribbon operators
that create those excited states below, but we will here
remark that the model can be shown to be a lattice ver-
sion of a discrete gauge theory7 with gauge group G. Its
particles are labeled by pairs (C), R, where (C) is one of
the conjugacy classes of G and R is an irreducible rep-
resentation of the normalizer of a representative element
chosen from (C).
For our case of G = D3 the spectrum can be shown to
contain the following particles:
(C), R type (C), R type
(e), Id vacuum (r), r1 dyon
(e), A abelian charge (r), r2 dyon
(e), B non-abelian charge (τ), Id vortex
(r), Id vortex (τ), A dyon
The ’charge’ particles are excitations of the As oper-
ators and are associated with sites. They always have
bosonic self-statistics under a full braiding but can be
either abelian (semion, in fact) or non-abelian with re-
spect to the vortices. The vortices are excitations of the
BP operators and live on the plaquettes, they are non-
abelian with respect to vortices of the other type or even
have non-abelian self-statistics (τ -vortex)7,8. Dyons can
be thought of as mixed-type excitations. We will discuss
the properties of the spectrum in greater detail when we
describe the ribbon operators.
IV. THE BOSONIC MODEL
As it stands, the Kitaev model is phrased in terms of
abstract entities, with the Hilbert space being spanned
by elements of group D3. We would like to introduce a
more physical realization in terms of bosonic degrees of
freedom on the links of the lattice. It turns out that due
to the non-abelian nature of the gauge group we need at
least two flavors of bosons. (See Ref. 9 for a different
approach).
Any element g ∈ D3 can be uniquely written as:
g = τnrm, (7)
with m = 1, 2, 3 and n = 1, 2. We introduce two flavors
of electrically neutral bosonic degrees of freedom on the
links of the lattice (for example, two types of atoms); the
numbers m,n will be the occupations of those bosonic
states. In other words the bosonic Hilbert space on the
links is spanned by the vectors |m,n〉 withm = 1, 2, 3 and
n = 1, 2. We introduce creation and annihilation opera-
tors a, b for the m-bosons and n-bosons in the following
fashion:
[ak, a
†
l ] = [bk, b
†
l ] = δk,l (8)
[ak, al] = [bk, bl] = [ak, bl] = [ak, b
†
l ] = 0 (9)
Let us examine the action of the operators L±τ,r on the
bosonic states:
L+r τ
nrm = rτnrm = τnr−1
n
rm = τnrm+(−1)
n
,
from which it follows that:
L+r |m,n〉 = |m+ (−1)n, n〉 (10)
Analogously we can establish:
L−r |m,n〉 = |m− 1, n〉, L+τ |m,n〉 = |m,n+ 1〉 (11)
L−τ |m,n〉 = | −m,n+ 1〉, (12)
where all the arithmetic is understood to be mod 3 for
the m-bosons and mod 2 for the n-bosons. In terms of a
and b operators we have:
L+r = [a
† + (a)2]bb† + [(a†)2a+ a]b†b, (13)
L−r = (a
†)2 + a; L+τ = b+ b
†, (14)
L−τ = [a
2(a†)2 + (a†)2a+ a†(a)2](b+ b†) (15)
The T±g operators can also be constructed in a similar
fashion. For instance:
T±e = bb
†[(a)2(a†)2], T±τ = b
†b[(a)2(a†)2] (16)
By extension, we can also write bosonic versions of the
charging and hopping terms in the Kitaev Hamiltonian,
in fact any operator in that model, i.e. we have a fully
bosonic description. Formally, for every operator Oˆ in
Kitaev model we have a corresponding bosonic operator
B[Oˆ]. Let us denote by HB the bosonic Hamiltonian:
HB = B[HK ].
5V. THE RIBBON OPERATORS FOR D3
In the Kitaev model any n-particle excited state (n ≥
2) may be created by applying ribbon operators to the
ground state. The ribbons are geometrical objects com-
prising links forming a directed narrow strip delimited
by a path on the lattice and an adjacent path on a dual
lattice. A ribbon operator operates only on links that
are within the ribbon, as shown in Fig.(2A). For an ex-
haustive treatment of ribbon algebra we refer to Ref. 6.
Here we will review only those parts that are essential to
our discussion. We will later use the terms ribbon and
ribbon operator interchangeably where it does not cause
confusion.
The algebra of ribbon operators along a directed rib-
bon ρ with endpoints x0, x1 is spanned by a set of op-
erators Fh,gρ with h, g ∈ G. The operators Fh,gρ form
a convenient and universal basis in which the algebraic
manipulations are simple. To define their action, it is
useful to first consider elementary ribbons of length 1 or
triangles from which any longer ribbon can be composed.
Note that we have two distinct types of triangles: those
which contain a lattice link as one of their edges and
those which cross one of the links with their edge. We
call them direct and dual, respectively; they are depicted
in Fig. (2 B). For a dual triangle, the ribbon operators
are defined as
Fh,gρ = δ1,gL
j
h, (17)
where the operator Ljh acts on the single lattice link which
the triangle crosses. Note that, though labeled by a pair
of group elements, it only depends non-trivially on h.
This is done in order for the composition formula, eq.(19)
below, to hold also for ribbons of length one, which live
on the direct or dual lattice but not both. For a direct
triangle
Fh,gρ = T
j
g , (18)
where T jg acts on the single link the triangle contains and
analogously to the previous case the operator depends
non-trivially only on index g. The superscript j = ±,
depending on the mutual orientation of ribbon and the
edge, as shown in the lower and upper row of Fig. (2 B).
From those definitions it is clear that the operators on
the dual triangles are related to gauge transformations
and the direct ones to projections.
Any operator on a longer ribbon ρ = ρ1 · ρ2 can be
decomposed into products of operators living on shorter
matching ribbons ρ1 and ρ2 in the following fashion:
Fh,gρ =
∑
c∈G
Fh,cρ1 F
c¯hc,c¯g
ρ2 . (19)
A key property of the ribbon operators is that they
commute with all the As and Bp operators (3,4) on the
sites and plaquettes, except those at the two ends of the
ribbon. As a consequence, when a ribbon operator is
applied to an eigenstate of the Hamiltonian (6), it cre-
ates local excitations at its ends. Moreover, when two
ribbon operators that start and end at the same points
are applied to an eigenstate of the Hamiltonian, the re-
sulting states are the same, provided that there are no
topological excitations within the loop that they define.
It is important to remark that the operators Fh,gρ do
not create eigenstates, but their linear combinations do.
We provide an explicit prescription for constructing those
combinations below.
The ribbon algebra is further characterized by the com-
mutation properties of the ribbon operators. We will ex-
plicitly use only the following relation:
Fh,gρ1 F
k,l
ρ2 = F
hkh¯,hl
ρ2 F
h,g
ρ1 , (20)
which describes the exchange of two ribbons which both
start at the same site, labeled by the pairs of group ele-
ments (h, g) and (k, l).
The eigenstates of the Kitaev Hamiltonian are created
using superpositions of ribbons. Each excitation is la-
beled by a pair consisting of a conjugacy class (C) and
an irreducible representation R of the normalizer of a
representative element of (C) (Recall that for a group
element g ∈ G the normalizer is the set of elements of G
which commute with g; it is a subgroup of G; normalizers
of group elements in the same conjugacy class are isomor-
phic). Furthermore, depending on the values of (C) and
R, the ribbon has also indices u¯ = (i, j), v¯ = (i′, j′) de-
scribing the state at its two ends. These indices run over
the range i, i′ = 1, . . . , |C| and j, j′ = 1, . . . , nR, with nR
being the dimension of the irreducible representation R.
A general formula for a ribbon operator creating an
eigenstate is then6:
F u¯v¯ρ;R(C) =
nR
|NC |
∑
n∈NC
Γ¯j,j
′
R (n)F
c¯i,qinqi′
ρ , (21)
where NC is the normalizer of a representative element
of the conjugacy class C and ΓR(n) is the representation
matrix associated to the element n by the representation
R. The overbar denotes complex conjugation. The basis
ribbon operators which enter the sum are those labeled
by group elements in the appropriate conjugacy class and
the coefficients are matrix elements of the appropriate
representation of the normalizer elements.
We will explicitly construct some of the excitations for
the case of D3, which will also elucidate the meaning
of various notations in eq.(21). To this end we need to
introduce a certain fixed labeling of all the elements ap-
pearing in various algebraic objects taking part in our
constructions, i.e. conjugacy classes, normalizers etc.
1. Conjugacy classes: (e) = {e}, (r) = {r, r2}, (τ) =
{τ, τr, τr2}. We label the elements with c1, c2 etc.
in the order they appear in each class.
2. We choose a representative rC of each conjugacy
class: the first element, i.e. c1, in each class.
6x0
1x
(A) (B)
FIG. 2. (A) The ribbon operator between the sites x0 and x1;
the arrow denotes the direction of the ribbon. The affected
links (Hilbert spaces) have been colored red. (B) Elementary
ribbon operators. Every longer ribbon can be composed of
elementary ones. The mutual orientations in the left row are
defined as positive.
3. For each class we construct normalizers NrC of rC .
Different choice of the representative rC in princi-
ple produces different normalizers but they are all
isomorphic. We set Ne = D3, Nr = {e, r, r2} ' Z3,
Nτ = {e, τ} ' Z2
4. We construct the cosets QC = D3/NC : Qe = {e},
Qr = {e, τ}, Qτ = {e, r, r2} and label their ele-
ments as q1, q2, . . . in order they appear.
5. Any g ∈ C ⊆ D3 can be uniquely decomposed into
g = qin with qi ∈ QC and n ∈ NC
g = qin i(g) n(g) g = qin i(g) n(g)
e = ee 1 e τ = eτ 1 τ
r = er 1 r τr = r2τ 3 τ
r2 = er2 1 r2 τr2 = rτ 2 τ
This defines i(g) and n(g).
6. The final step is to consider the irreducible repre-
sentations of the normalizers. For the conjugacy
class (e) we have Ne = D3, whose representations
Γ are: identity, ΓId(g) = 1 for all g; alternating,
ΓA(τ
nrm) = (−1)n and a two-dimensional repre-
sentation defined by ΓB(r) =
(
e2pii/3 0
0 e−2pii/3
)
and ΓB(τ) =
(
0 1
1 0
)
.
For the conjugacy class (r) we have Nr ' Z3
with three 1-dimensional irreducible representa-
tions: identity Γ(r)Id, and two others defined by
Γr1(r) = e
2pii/3 and Γr2(r) = e
−2pii/3, respectively.
For the (τ) class, Nτ ' Z2 and we have only two
irreducible representations: identity Γ(τ)Id and an
alternating one given by Γ(τ)A(τ) = −1.
x1
x x
x2
3
4
FIG. 3. Ribbon operators creating excitations at sites
x1, . . . , x4
Now we can write out explicitly the operators creating
some of the interesting excitations in our system using
formula (21). Let us begin with pure charges correspond-
ing to the trivial conjugacy class. Vacuum is a special
type:
F
(1,1)(1,1)
ρ;Id(e) =
1
6
(
F e,eρ + F
e,r
ρ + F
e,r2
ρ + F
e,τ
ρ + F
e,τr
ρ + F
e,τr2
ρ
)
The abelian A-charges and non-abelian B-charges:
F
(1,1)(1,1)
ρ;A(e) =
1
6
(
F e,eρ + F
e,r
ρ + F
e,r2
ρ − F e,τρ − F e,τrρ − F e,τr
2
ρ
)
F
(1,1)(1,1)
ρ;B(e) =
1
3
(
F e,eρ + e
−2pii/3F e,rρ + e
2pii/3F e,r
2
ρ
)
F
(1,2)(1,2)
ρ;B(e) =
1
3
(
F e,eρ + e
2pii/3F e,rρ + e
−2pii/3F e,r
2
ρ
)
F
(1,1)(1,2)
ρ;B(e) =
1
3
(
F e,τρ + e
2pii/3F e,τrρ + e
−2pii/3F e,τr
2
ρ
)
F
(1,2)(1,1)
ρ;B(e) =
1
3
(
F e,τρ + e
−2pii/3F e,τrρ + e
2pii/3F e,τr
2
ρ
)
Note that unlike the abelian A-charge, the non-abelian B-
charge has two internal states. The indices j, j′ run from
1 to 2, so in total we have four operators for different
states at the two ends of the ribbon. Analogously for the
r − vortex:
F
(1,1)(1,1)
ρ;Id(r) =
1
3
(
F r
2,e
ρ + F
r2,r
ρ + F
r2,r2
ρ
)
F
(2,1)(2,1)
ρ;Id(r) =
1
3
(
F r,eρ + F
r,r
ρ + F
r,r2
ρ
)
F
(1,1)(2,1)
ρ;Id(r) =
1
3
(
F r
2,τ
ρ + F
r2,τr
ρ + F
r2,τr2
ρ
)
F
(2,1)(1,1)
ρ;Id(r) =
1
3
(
F r,τρ + F
r,τr
ρ + F
r,τr2
ρ
)
It is equally simple to construct operators for all other
excitations.
7VI. INTRODUCING PARTICLES INTO THE
GROUND STATE
The ground state |gs〉Hk of the Kitaev Hamiltonian ob-
viously does not contain any of the excitations described
above. However, we can introduce a modified Hamilto-
nian H ′ such that its ground state does contain a number
of such particles. To this end, let us first introduce oper-
ators AR,ks with k = 1, . . . , nR as a generalization of the
As:
AR,ks =
1
|GkR|
∑
g∈G
ΓkkR (g)L
j1
g L
j2
g L
j3
g L
j4
g , (22)
where |GkR| is the number of elements g ∈ G such that
ΓkkR (g) 6= 0. Note that the choice R = Id reproduces the
operator As. The operators A
R,k
s are projectors, even in
the case of R being a higher-dimensional representation.
Also, they commute with each other as well as with the
BP operators:
[AR,ks , BP ] = [A
R,k
s , A
R,k
s′ ] = 0 (23)
Labeling those operators with the names of the exci-
tations of the Kitaev Hamiltonian is justified by the fol-
lowing observation: imagine creating a pair of A-type
charges from Kitaev vacuum using a ribbon operator
with endpoints s0, s1: F
A
s0,s1 |g.s.〉HK , we know this is
an excited state of Hk since it is annihilated by the s1
term of the Hamiltonian: As1F
A
s0,s1 |g.s.〉HK = 0. How-
ever it is also true that this state is invariant under the
action of the modified operator: AAs1F
A
s0,s1 |g.s.〉HK =
FAs0,s1 |g.s.〉HK , i.e. the ground state of a Hamiltonian
H ′ with AAs operators in place of As looks like an excited
state of Hk. We shall include a symmetric combination
in the Hamiltonian:
ABs = A
B,1
s +A
B,2
s . (24)
A brief discussion of the AR,ks operators may be found in
Appendix C.
We may also introduce modified flux operators, which
project onto states such that the product of the elements
around a plaquette is in the conjugacy class (C):
B
(C)
P =
∑
g1···g4∈(C)
T j1g1 T
j2
g2 T
j3
g3 T
j4
g4 . (25)
As a special case we have BP = BP,e = B
(e)
P . Note that
including the projections BP,h onto individual group el-
ements h ∈ D3 in the Hamiltonian (apart from the iden-
tity e which is a one-element conjugacy class by itself)
conflicts with its exact solubility, since such projections
would not commute with the ARs operators – their action
only preserves the conjugacy class.
VII. COUPLING TO THE ELECTRONIC
DEGREES OF FREEDOM
Let us now introduce electronic degrees of the free-
dom on the vertices of the lattice. We denote the cre-
ation/annihilation operators for the electron at site s and
spin σ by c†sσ, csσ. Let nsσ be the number of electrons of
spin σ at that site, and ns =
∑
σ nsσ the total number
of electrons on the site. We will now glue an A-charge to
every electron, by modifying the Hamiltonian to
H1 =
∑
s
(1−AA,ns ) +
∑
P
(1−BP )− µ
∑
s
ns (26)
with µ being the chemical potential for the electrons, and
AA,ns =
1
|G|
∑
g∈G
(ΓA(g))
ns Lj1g L
j2
g L
j3
g L
j4
g (27)
Since ΓA is the 1-dimensional alternating representation
it only assumes values ±1. Therefore, in the presence
of an electron at site s this factor stays unchanged and
AA,n=1s = ΓA(g) = A
A
s . In contrast, in the absence of
an electron, or when the site has two electrons, we have
ΓA(g)
0 = 1 for all g ∈ G and therefore AA,n=0s = AVs =
As. Thus we now have in the ground state an A−charge
at vertex s whenever there is one electron there, i.e. we
bind an A-charge to each electron. Two electrons on the
same site, with opposite spin directions, are glued to two
A-charges, which fuse to the vacuum.
So far the model is static. To introduce dynamics, we
add a hopping term for the electrons modified in such
a way that the electrons hop together with their associ-
ated A-charges. Since the operator that hops an A-charge
from site s to s′ is the elementary ribbon FAss′ , the oper-
ator c†s′F
A
ss′cs will move the electron/A-charge composite
in one piece. To make it more general we also introduce
arbitrary hopping amplitudes tss′ and add to the Hamil-
tonian the hopping term
Hhop = −
∑
<ss′>
(
tss′c
†
s′F
A
ss′cs + h.c.
)
, (28)
where the summation in the hopping term is over all
links. It is easy to check that Hhop commutes with all
the other operators of the Hamiltonian.
VIII. NON-ABELIAN ν = 1 QUANTUM HALL
STATE AND 2D NON-ABELIAN TOPOLOGICAL
INSULATOR
At this point we have a Hamiltonian which in the low-
energy subspace looks much like a tight-binding model
of usual electrons because the A-charges bound to the
electrons are bosons with respect to each other. We can
therefore choose the hopping amplitudes so that the com-
posite fermionic particles are put into any band structure
we like. Here we consider two topologically nontrivial
8band structures: (1) a ν = 1 integer quantum Hall state,
and (2) a 2D quantum spin Hall state/topological insu-
lator.
We begin with case (1) where the composite fermions
are put into a ν = 1 integer quantum Hall state. In this
case, the model realizes a non-abelian quantum Hall state
with Hall conductance σH = 1. An interesting feature of
this state is that it supports a fractionally charged non-
abelian vortex – specifically the τ -vortex. To see this,
we recall that the τ -vortex is a semion with respect to
the A-charge, i.e. the A-charge obtains a pi phase upon
winding around the vortex. It follows that the A-charge-
electron composite also obtains a pi phase upon winding
around the vortex. The crucial observation is that this
phase is precisely the same as an electron in a ν = 1 in-
teger quantum Hall state would acquire upon winding a
threaded electromagnetic flux of half of a flux-quantum
(i.e. a pi-flux). Thus the introduction of a τ -vortex will
elicit the same response in our composite quantum Hall
system as the introduction of a pi-flux in a ν = 1 integer
quantum Hall state of electrons. This response is a local-
ized screening charge of ±1/2, and thus the non-abelian
τ -vortices carry fractional charge 1/2 (in units of e).
An important consequence of this observation is that
the τ -vortices are the excitations with the minimal
charge. This means that the system will preferentially
develop such excitations whenever it is forced to min-
imize the Coulomb energy associated with charge non-
uniformity. This gives us natural ways to introduce vor-
tices. As an example, consider adding the following term
into the Hamiltonian:
Himp = V
(∑
s∈∂P
ns − 1
2
)2
, (29)
where the sum is over the corner vertices of some pla-
quette P . If we make the parameter V very large the
system will prefer an excess 1/2 electric charge in that
region in order to minimize the energy. Thus the Hamil-
tonian term in eq.(29) will force a τ -vortex at plaquette
P . Physically this term describes an impurity binding an
isolated τ -vortex. We can now imagine having a num-
ber of such well-separated impurities and tuning their
respective parameters V in the Hamiltonian to drag vor-
tices from one plaquette to another. In this way we can
implement braiding of the non-abelian vortices and there-
fore the state of the system would undergo non-abelian
transformations.
We now consider case (2) where the composite fermions
(the electron-A-charge composites) are put into a 2D
quantum spin Hall state. More specifically, we consider
a band structure where the spin ↑ and ↓ fermions form
ν = 1 quantum Hall states with opposite chiralities. This
state has a vanishing electric Hall conductance, and a
spin-Hall conductance of σsH = 1 in units of e/2pi.
Unlike the quantum Hall state discussed above, this
spin-Hall state does not support any excitations with
fractional charge. On the other hand, the state does sup-
port excitations that are electrically neutral but carry the
same sz spin as an electron. An example of such an ex-
citation is the τ -vortex: following the same reasoning as
in case (1) discussed above, we can see that the τ -vortex
will bind half a fermion of one spin direction and half a
hole of the other spin direction.
In addition, this system has protected edge modes
which cannot be gapped out unless time reversal or
charge conservation symmetry is broken (explicitly or
spontaneously). To see this, note that the minimal quasi-
particle charge in this system is e∗ = 1 (in units of e).
Thus, the ratio of the spin-Hall conductance to the ele-
mentary charge is σsH/e
∗ = 1, an odd number. Applying
the general flux insertion argument of Ref. 5, we conclude
that this system must have protected edge modes.
IX. NON-ABELIAN STATISTICS: STRUCTURE
OF THE HILBERT SPACE
We now analyze in greater detail the non-abelian
statistics in our model and in particular the Hilbert
space structure associated with the non-abelian statis-
tics. Given that this non-abelian structure is completely
dictated by the underlying bosonic system, we will ne-
glect the electronic degrees of freedom and focus entirely
on the bosonic model. We note that this section is largely
a pedagogical review of the analysis in Ref. 2.
Let us fix n arbitrary sites x1, . . . , xn and let us con-
sider the projected Hilbert space Ln(x1, . . . , xn), i.e. the
Hilbert space of n particles restricted to those fixed sites.
Since every n-particle state can be obtained using n− 1
ribbon operators in the fashion shown in Fig.3 and the
space of ribbons is spanned by |G|2 operators labeled
by the pairs (g, h) ∈ D3, the dimension of this space is
|G|2(n−1). It is natural to classify this space first by par-
ticle types, and then to distinguish between local and
topological degrees of freedom of any given combination
of particles. This distinction can be understood by con-
sidering the effects of local operators whose spatial sup-
port is limited to the region around one of the points
xi and which preserve the space of n-particle excitations
and its orthogonal complement. It can be shown that
operators that do not change particle types can be writ-
ten as D(h,g) = BhAg, with the operators Ag, Bh acting
around one of the sites xi and defined by eqs.(3,4) and
the discussion below them. These operators do not cre-
ate new excitations at other sites nor do they connect
any of the sites in x1, . . . , xn, which are assumed to be
far apart. We denote by D the algebra they generate.
We can then consider D(x1), . . . ,D(xn) i.e. the al-
gebras of local operators acting around sites x1, . . . , xn
(these algebras are all isomorphic to D) and the algebra
Pn generated by all of them. The center of each of the
algebras D(xi) is the set of projectors on different parti-
cle types, since local operators cannot change the particle
type at the point where they operate.
Under the action of the local perturbations the n-
9particle Hilbert space splits in the following fashion:
Ln =
⊕
d1,...,dn
Ld1,...,dn , (30)
with di = R, (C) denoting the type of particle. Also the
algebra Pn splits similarly (i.e. all of the operators have
a block-diagonal form), since local perturbations cannot
change particle types. Furthermore the space Ld1,...,dn
decomposes under the perturbations from Pd1,...,dn :
Ld1,...,dn = Kd1 ⊗ . . .⊗Kdn ⊗Md1,...,dn (31)
The spaces Kdi are the local degrees of freedom of the
i-th particle, which can be changed by the local pertur-
bations. The space Md1,...,dn however does not have a
tensor product structure and is insensitive to local per-
turbations. This is the space of the non-local degrees of
freedom.
The space Md1,...,dn , also called the protected space,
undergoes unitary transformations when particles are
braided and grows or shrinks when they are fused/created
out of vacuum. Thus it is only influenced by the topo-
logical operations. The dimensionality of this space is
determined by the fusion rules. The fusion rules for the
quasi-particles of the D3 group are given in Appendix A.
The dimensionality of the protected space is smaller
than the full dimension of the Hilbert space, since not all
degrees of freedom are topological. This difference may
be elucidated by the following construction: consider the
n-particle space as a subspace of the (n+1)-particle space
L(x0, x1, . . . , xn) spanned by only those ribbon operators
which commute with all local perturbations from D(x0).
Let us arrange the ribbons as in Fig.(4). The commuta-
tion condition at x0 then implies that at site x0 all the
ribbons fuse to vacuum, since this is the only ribbon op-
erator which commutes with all local perturbations. In
other words, physically there is nothing at site x0. How-
ever, every ribbon α has a pair of indices u¯α = (iα, jα) as-
sociated with x0. The vacuum condition means they are
all contracted in such a way that when an operator from
D(x0) is applied and commuted through them, changing
all of them in the process, the contraction remains the
same. More concretely, the creation of a physical state
with particles d1, . . . , dn at sites x1, . . . , xn in a manner
shown in Fig. (4) involves the application to the ground
state of an operator of the form:∑
u¯1...u¯n
W
(k)
u¯1...u¯n(d1, . . . , dn)F
u¯1,v¯1
ρ1,d1
· · ·F u¯n,v¯nρn,dn , (32)
which we will symbolically write as W (k)F1 · · ·Fn.
The vacuum condition can be then phrased as:
D(h,g)W
(k)F1 · · ·Fn = W (k)F1 · · ·FnD(h,g), (33)
for all the D(h,g) perturbations from D(x0).
The index k labels different tensors with this property.
The number of different possible tensors W (d1, . . . , dn) is
the number of distinct ways in which particles d1, . . . , dn
can be fused to vacuum and so precisely the dimension
of the protected space Md1,...,dn . Knowing the fusion
rules it is therefore possible to calculate this number ex-
plicitly using Bratelli diagrams. In other words different
W (d1, . . . , dn) tensors label states that may be distin-
guished only by non-local measurements.
The local operators from D(x1), . . . ,D(xn) acting on
the physical sites can change the indices at those sites,
but they cannot influence the indices at x0. Thus in a
certain sense the indices at x0 are ’topological’. Let us ex-
plain what we mean by that. In addition to the local op-
erators there are also topological operators. These opera-
tors commute with all the elements of D(x1)⊗. . .⊗D(xn).
When applied within the n-particle subspace, they trans-
form the system from one W tensor to another. They do
so by changing some ribbon indices at the point x0. How-
ever, they should not be regarded as local operators that
belong to D(x0). Operators that belong to D(x0) act on
all ribbons that originate at x0, and hence change the
indices of all these ribbons. In contrast, topological op-
erators can change the individual indices of one ribbon at
x0 without changing the indices of any other ribbon. The
set can be spanned by operators Dα(h,g) which only act
on ribbon α in the same way an operator D(h,g) would,
but leave the other ribbons untouched. It is thus possi-
ble for the topological operators to change non-trivially
(i.e. in a way that cannot be brought to the original by
just relabeling the summation indices) the coefficients of
the contraction (32) at site x0, or equivalently to map
between different tensors W (k)(d1, . . . , dn):
Dα(h,g)W
(k) = Ukk′W
(k′). (34)
This physically corresponds to moving between different
non-local states of the particles.
For n = 2 the algebra of those operators – the center of
P2 – is isomorphic to the center of D, i.e. the only topo-
logical operators are the types of particles. For n ≥ 4 (in
our case) additional operators are present – they corre-
spond to the nonlocal degrees of freedom. Examples of
topological operators are braiding and fusion operators.
As a bonus, this construction provides a way of explicitly
calculating the so-called R-matrix i.e. the braiding oper-
ator acting on the spaceM: in the next section we shall
see how braiding influences the indices of F -operators;
writing down the tensors W (k)(d1, . . . , dn) for some set
of particles, we can perform explicit index changes corre-
sponding to, say, braiding of di around di+1 and see how
the W -tensors get mapped between each other as a result
of that. The tensors form a basis of the protected space
M, so the particular matrix Ukk′ that we obtain in this
calculation is precisely the R-matrix.
Finally let us return to the question of multiplicity of
the ground states on the torus. This number is equal
to one for the case of the open boundary conditions and
8 for the periodic case, which can be verified by direct
computation. Let us, however, consider a different way
of calculating the ground state degeneracy, analogous to
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FIG. 4. Ribbon operators creating excitations at sites
x1, . . . , x4 anchored at an auxiliary site x0
the arguments used in Refs.10 and 11. The general idea
is to find a set of operators which all commute with the
Hamiltonian, yet do not commute with each other. The
topological degeneracy arises from operators with sup-
port on non-contractible loops around the torus and the
precise value of it can be inferred from their commutation
relations.
To this end let us introduce topological charge pro-
jectors K
R,(C)
σ , which project onto the states such that
the total topological charge of all particles in the region
bounded by the ribbon σ is equal to R, (C) and which
together form a resolution of identity (the details of con-
struction of those operators in terms of the ribbons Fh,gσ
may be found in Ref. 6):
KR,(C)|R, (C ′);σ〉 = δRR′δ(C),(C′)|R′, (C ′);σ〉, (35)
where |R′, (C ′);σ〉 is a state with a total topological
charge in the region bounded by σ equal to R′, (C ′). The
topological charge projectors commute with the Hamil-
tonian and commute with one another, and therefore the
ground states subspace may be written in a basis in which
the basis vectors are eigenstates of the KR,(C)’s. Con-
sider now a set of the operators K
R,(C)
σ with σ being
the non-contractible loop σ1 around one of the holes of
the torus, and consider a ground state |vac;σ1〉 for which
K
Id,(e)
σ1 |vac;σ1〉 = |vac;σ1〉. The topological charge on
the loop σ1 may be changed by the application of the
operators F
R′,(C′)
σ2 creating, winding and annihilating a
pair of quasiparticles along the non-contractible loop σ2
around the other hole of the torus. The action of the op-
erators K
R(C)
σ1 and F
R(C)
σ2 on the ground state |vac;σ1〉
satisfies:
[KR,(C)σ1 , F
R′,(C′)
σ2 ]|vac;σ1〉 =
=
(
δR,R′δ(C),(C′) − δR,IdδC,(e)
)
FR
′,(C′)
σ2 |vac;σ1〉. (36)
Since the operators F
R(C)
σ2 commute with the Hamilto-
nian, the state F
R′,(C′)
σ2 |vac;σ1〉 is a ground state of the
Hamiltonian as well. Eq. (36) guarantees that this state
is orthogonal to |vac;σ1〉. Thus, this procedure creates a
subspace of ground states whose dimension is the number
of particle types, namely eight.
We could now, in principle, consider the same sets of
operators but with ribbons interchanged, i.e. the topo-
logical charge projectors on ribbon σ2 and F
R′,(C′)
σ1 on
ribbon σ1, corresponding to ”measuring or threading the
topological charge through hole 2 of the torus”. Had
those operators been independent of the first two sets,
we would have obtained another factor of 8 for the de-
generacy. This is not the case, however, since it is easy
to see that the linear vector space of operators spanned
by the sets
{
K
R,(C)
σi
}
and
{
F
R′,(C′)
σi
}
on the same non-
contractible ribbon σi are exactly equal – both of them
are simply different linear combinations of Fh,gσ . Thus
the relation (36) with ribbons σ1 and σ2 interchanged is
equivalent to the first one. Hence we conclude there is a
topological degeneracy of 8.
X. NON-ABELIAN STATISTICS: COMPUTING
BRAID MATRICES
In this section we will explicitly analyze the quasipar-
ticle braiding statistics in our model. As in the previous
section, we will neglect the electronic degrees of freedom
and focus entirely on the bosonic model, since the elec-
tronic degrees of freedom do not contribute to the non-
abelian part of the statistics – our main focus here.
We assume that the particles are ordered in the 2D
plane and that they are created using ribbon operators
which start at the (auxiliary, unphysical) site x0. The
indices associated to that site are ’topological’. We want
to compute the effect of full braiding (i.e. taking one
particle around another and returning to the initial con-
figuration) of two particles on the state of the system,
which is equivalent to two exchanges of the particles.
Let us summarize the results before we explicitly de-
rive them. We find that charges do not accumulate topo-
logical phases when winding around one another. The
mutual charge-vortex statistics is determined by the en-
tries of the matrix, which is the representation (labeling
the charge) of the group element in the conjugacy class
labeling the vortex. We show how the entries of the R-
matrix can be obtained from this representation. It does
not in any way depend on the local degrees of freedom.
In particular, we find that when an abelian A-charge
winds around a τ -vortex it accumulates a phase of pi, and
when it winds around an r-vortex it does not accumulate
any topological phase. More interesting is the case of
a non-abelian B-charge going around a τ -vortex, where
the physical state of the system undergoes a nontrivial
transformation by an off-diagonal matrix. Such transfor-
mations do not commute, hence we obtain non-abelian
statistics.
We will also see that the statistical interaction between
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the vortices amounts to flux conjugation8. For exchanges
involving the τ -vortices this is also a non-abelian trans-
formation. Finally we derive a general formula which
allows the computation also for the case of dyonic parti-
cles.
In order to prove all of the claims above we first show
how the indices of individual ribbons creating eigenstates
change when the particles are exchanged, in particular
we demonstrate that only the ’topological’ indices are in-
volved. We then use this result on the physical states
described by the W -tensors and show how the R-matrix
can be obtained. For pedagogical reasons we proceed
through a sequence of examples of increasing complexity:
first we obtain the phase of pi for the A-charge/τ -vortex
winding, then we analyze the B-charge case and finally
we discuss the general formula for the ribbon exchange
which can be used for any physical state in the compu-
tation of the R-matrix. Technical details of all of the
calculations can be found in Appendix B.
Let us then begin by considering two counterclockwise
exchanges of a charge and a vortex ribbon operators,
where the vortex stands to the left of the charge initially,
as shown in Fig. (5). The detailed calculation is given in
Appendix B. The first exchange produces the following
effect:
F
(i,1)(i′,1)
1;Id(C) F
(1,j)(1,j′)
2;R(e) =
(∑
k
Γ¯jkR (ci)F
(1,k)(1,j′)
2;R(e)
)
F
(i,1)(i′,1)
1;Id(C) .
(37)
The vortex was not affected, thus it does not suffer any
change upon braiding with a charge. The state of the
charge did get affected and the matrix that governs the
change of the ’topological’ index of the charge is the rep-
resentation matrix ΓR associated with the charge. Note
that ΓR depends on the ’topological’ states of vortex and
charge given by the indices i, j, and is independent of
i′, j′. The local states i′, j′ do not get changed during the
exchange, neither do they affect the ’topological’ indices
in any fashion. Computing the second exchange, this
time with the charge to the left of the vortex yields a triv-
ial transformation, thus the first exchange is equivalent
to the full braiding (the fact that one of the exchanges
was equivalent to full braiding is basis dependent).
To elucidate the physical significance of the above re-
sult let us consider two explicit examples: the abelian
braiding of an A-charge and a τ -vortex and the non-
abelian braiding of the B-charge and the τ -vortex. In
line with the discussion in sect.(VI) let us assume that
the physical state of the system is given by some W -
tensor contraction:∑
i
W
(1)
(i,1),(1,1),...(τ,A, . . .)F
(i,1)(1,1)
1,(τ),Id F
(1,1)(1,1)
2,(e),A . . . ,
where we put explicitly that for the A-particle there are
no running indices since it corresponds to 1-element con-
jugacy class and 1-dim representation, while for the τ -
vortex i = 1, 2 and all the other summations are im-
plicit. From now on we shall not write . . . in the tensor
contractions corresponding to other particles. They are,
however, still present. According to eqs.(37,50) after the
braiding the physical state will be given by:∑
i
W
(1)
(i,1),(1,1)(τ,A)Γ¯
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A (ci)F
(i,1)(1,1)
1,(τ),Id F
(1,1)(1,1)
2,(e),A =
= −
∑
i
W
(1)
(i,1),(1,1)(τ,A)F
(i,1)(1,1)
1,(τ),Id F
(1,1)(1,1)
2,(e),A , (38)
since Γ¯A is the 1-dim alternating representation that is
simply equal to −1 on all elements of the (τ) conjugacy
class. Our result is that the physical state got multiplied
by a simple factor of −1: this is precisely the abelian
phase of pi the A-charge picked up upon encircling the
τ -vortex.
We can now perform the similar computation for the
non-abelian case of B-charge going around a τ -vortex,
starting again from a physical state described by some
tensor W (1):∑
i,j
W
(1)
(i,1),(1,j),...(τ,B, . . .)F
(i,1)(1,1)
1,(τ),Id F
(1,j)(1,1)
2,(e),B . . . ,
where now the summation is also over the index j = 1, 2
since B is a 2-dim representation. Also let us assume
that in addition to tensor W (1) there are W (2), . . . ,W (p)
which together form a basis of the physical (nonlocal)
states. After the braiding we obtain, again using (37):
=
∑
i,k
W˜(i,1),(1,k)(τ,B)F
(i,1)(1,1)
1,(τ),Id F
(1,k)(1,1)
2,(e),B , (39)
where W˜(i,1),(1,k) =
∑
j Γ¯
jk
B (ci)W
(1)
(i,1),(1,j). Now we can
linearly decompose the W˜ in the basis of W (1), . . . ,W (p):
W˜(i,1),(1,k) =
p∑
q=1
Rq,1W
(q)
(i,1),(1,k), (40)
Interestingly, we obtain that upon the braiding the
physical state W (1) changed into
∑p
q=1Rq,1W
(q), with
the coefficients Rq,1 dependent on the matrix entries of
Γ¯B . We denoted the coefficients by Rq,1 because they
form the first column of the R-matrix corresponding to
this braiding. Clearly the effect is more complex than a
simple abelian phase.
The above examples illustrate how formula (37) can
be used to calculate physical effect of particle braiding,
which is just a phase in the abelian case and a non-trivial
unitary operation in the non-abelian case.
We are now in position to examine a general braiding
of two arbitrary excitations of our system, labeled by the
pairs R1, (C1) and R2, (C2), which we have reduced to
calculating the effect of an exchange. It can be shown
(see Appendix B) that:
F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
F
(i2,j2)(i
′
2,j
′
2)
2;R2(C2)
=
=
(∑
l
Γ¯j2lR2(q¯i2ci1qk)F
(k,l)(i′2,j
′
2)
2;R2(C2)
)
F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
. (41)
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FIG. 5. The exchange of particles at sites i and i+ 1 effected
by the R operator. The respective ribbon operators have to
be commuted.
In general (for example in the case of vortex-vortex)
also the second exchange is nontrivial, but has the same
form, hence we can describe the physical consequences
based on result (41). Note again that local indices are
not involved at all, only ’topological’ degrees of freedom
matter.
Two things happen to the particle R2, (C2) upon ex-
change with R1, (C1). The ’flux’ degree of freedom ci2
gets conjugated by the other particle to ck = c¯i1ci2ci1 .
This is the flux conjugation. The charge degree of free-
dom is acted upon by the matrix-representation ΓR2 not
of ci1 – which in general does not have to belong to the
normalizer NC2 – but of a related element n¯
′
2 = q¯i2ci1qk,
which does. This is expected, since R2 is a representation
of the normalizer and not of a full group and hence ci1
has to be ’projected’ to the normalizer. This algebraic
result is fully consisted with the general considerations
in the framework of discrete gauge theories.
Note that the vortex-charge exchange we derived be-
fore is a special case. So is the vortex-vortex exchange,
which only involves flux conjugation (of both particles,
the other one in the second exchange). Conjugations in-
volving elements in the (τ) conjugacy class are nontrivial,
hence the τ -vortices have mutual non-abelian statistics.
XI. CONCLUSIONS AND OUTLOOK
In this paper, we have constructed exactly soluble lat-
tice models realizing a non-abelian ν = 1 quantum Hall
state and a non-abelian 2D fractional topological insu-
lator. These quantum Hall and topological insulator
states have a number of interesting features: they sup-
port excitations with fractional quantum numbers and
non-abelian statistics, they have protected gapless edge
modes, and they have nonvanishing electric Hall and spin
Hall conductivities.
An extension of these models to 3D non-abelian frac-
tional topological insulators is also possible. The first
step is to construct a 3D non-abelian bosonic model. This
can be accomplished using the 3D generalized toric code
Hamiltonian with group D3. This model has two types
of excitations: point-like excitations called “charge” par-
ticles and extended string-like excitations called “vortex
loops.” The charge particles come in two types – A-
charges and B-charges – and similarly the vortex loops
can be either r-vortices or τ -vortices. In the second step,
we couple the 3D bosonic model to electrons in such a
way that each electron becomes bound to an A-charge.
The resulting composite particle is a spin-1/2, charge e
fermion. In the third step we put the composite fermions
into a 3D topological insulator band structure.
As in the 2D case, the resulting insulator supports exci-
tations with non-trivial braiding statistics. These statis-
tics are inherited from the underlying bosonic model.
Several types of braiding operations are possible in this
system, including winding a charge around a vortex loop
or winding one vortex loop through another vortex loop.
The braid matrices corresponding to these operations can
be either abelian or non-abelian, depending on the par-
ticles or vortex loops that are involved.
In addition to braiding statistics, the 3D non-abelian
topological insulator also exhibits interesting surface
physics. In particular, this state has protected surface
modes that cannot be gapped out without breaking time
reversal or charge conservation symmetry. To see this,
note that qf/e
∗ = e/e = 1, where qf is the charge of the
fermion and e∗ is the minimal charge. Given that this
ratio is an odd number, it follows from the flux insertion
argument in Ref. 4 that this state must have protected
surface modes. In the simplest model for the boundary,
these surface modes are similar to a conventional topo-
logical insulator and are characterized by the presence of
an odd number of Dirac nodes. The only difference from
the non-interacting case is that the underlying fermions
are not electrons, but rather are composite particles built
out of an electron and an A-charge.
If time reversal symmetry is weakly broken at the sur-
face, the boundary of the non-abelian topological insula-
tor can be gapped. In this case, the surface will exhibit
a surface quantum Hall response with a Hall conductiv-
ity which is an odd multiple of e2/2h. In addition, the
surface can accomodate excitations that cannot enter the
bulk, since the bulk gap is larger than the surface gap.
It is natural to wonder: do any of these surface excita-
tions carry fractional charge or fractional statistics? The
answer to this question is “no”: the only particle-like
surface excitations are the composite fermion particles
which carry charge e and Fermi statistics.
On the other hand, it is tempting to think that a vortex
line that connects two points at the surface could support
fractional charge at its two ends. Indeed, in the 2D case,
we showed that vortex excitations (e.g. the τ -vortex)
carry charge e/2 in the non-abelian ν = 1 quantum Hall
state. By similar reasoning one might think that the
ends of the vortex line could carry fractional charge in
the 3D case. However, a key point is that the charge at
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the end of a vortex line is not well-defined or universal
in general. The reason is that there is no symmetry or
other principle that prohibits a vortex line from acquir-
ing a charge polarization (uniform or oscillating) along its
entire length. If the vortex line acquires a uniform polar-
ization, then this polarization will modify to the charge
at the two ends of the vortex line so that this charge is
non-universal. On the other hand, if the polarization is
oscillating, then this polarization will lead to an oscillat-
ing charge density along the length of the vortex line, so
that the charge at the ends is not well-defined.
For similar reasons, we cannot meaningfully discuss
the statistics of an individual end of a vortex line, since
such ends are not truly point particles. However, it is
meaningful to consider the braiding staistics of an entire
vortex line: for example, we can imagine braiding two
vortex lines through one another in the same way that
two vortex loops can be braided through one another in
the 3D bulk. (Similarly, it is also meaningful to discuss
the fractional statistics associated with braiding a parti-
cle excitation around a vortex line).
The most unambiguous manifestation of a fractional
topological insulator in 3D is a surface Hall conductivity
that is not an odd integer multiple of e2/2h. Such a sur-
face Hall conductivity occurs for the Zk models from Ref.
4, but not for the D3 model discussed here. The crucial
difference is that the “charge” excitations in the bosonic
Zk model carry fractional charge while the charge excita-
tions in the bosonic D3 model are neutral. It is interesting
to consider whether a different non-abelian gauge group
could allow for a bosonic model with fractionally charged
excitations. The values of possible fractional charges in
the theory are constrained on one hand by the structure
of the fusion rules, and on the other hand by the form
of charge conserving terms of the type we considered in
Ref. 4, which allow only values of the form 1/m where
m is the order of some generator of the group. It may be
possible to find a small non-abelian group for which those
two criteria would allow for a nontrivial fractional charge
in the bosonic system. In such a system one could cou-
ple the electromagnetic field directly to the bosons and
thus excite vortices by inserting electromagnetic flux. It
would be interesting to analyze the surface states of such
a system.
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XIII. APPENDIX A: FUSION RULES
Following Ref. 12 we can introduce shorthand nota-
tions for the particles in the model:
1 := (e), Id A := (e), A
Ka/b := (τ), Id; (τ), A
Jw/x/y/z := (e), B; (r), Id; (r), r1; (r), r2.
The fusion rules of the theory are now given by:
A×A = 1, (42)
A×Ka/b = Kb/a, (43)
A× Jα = Jα, (44)
Kα ×Kα = 1 + Jw + Jx + Jy + Jz, (45)
Ka ×Kb = A+ Jw + Jx + Jy + Jz, (46)
Kα × Jβ = Ka +Kb, (47)
Jα × Jα = 1 +A+ Jα, (48)
Jα × Jβ = Jγ + Jδ, (49)
where α, β, γ, δ are running indices, and in the last
formula they are assumed to be all different.
XIV. APPENDIX B: STATISTICAL
INTERACTION
In this appendix we shall perform some of the compu-
tations alluded to in section(VI) more explicitly.
The result in eq.(37) on the counterclockwise exchange
of a charge and a vortex, where vortex stands to the left
of the charge initially, is obtained in the following way:
F
(i,1)(i′,1)
1;Id(C) F
(1,j)(1,j′)
2;R(e) =
∑
n∈NC
∑
g∈D3
Γ¯jj
′
R (g)F
c¯i,qinq¯i′
1 F
e,g
2 =
=
∑
n∈NC
∑
g∈D3
Γ¯jj
′
R (g)F
e,c¯ig
2 F
c¯i,qinq¯i′
1 =
=
∑
n∈NC
∑
g′∈D3
Γ¯jj
′
R (cig
′)F e,g
′
2 F
c¯i,qinq¯i′
1 =
=
∑
k
Γ¯jkR (ci)
∑
g′∈D3
Γ¯kj
′
R (g
′)F e,g
′
2
∑
n∈NC
F
c¯i,qinq¯i′
1 =
=
(∑
k
Γ¯jkR (ci)F
(1,k)(1,j′)
2;R(e)
)
F
(i,1)(i′,1)
1;Id(C) (50)
where in the second line we used the commutation re-
lation (20), in the third line we relabeled c¯ig = g
′ and
in the fourth we used the fact that Γ are representation
matrices. This formula can be then used to compute the
effect of charge-vortex braiding on the physical states,
both for the abelian and non-abelian case, as has been
shown in eqs.(38,39,40).
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Analogously, a fully general result in eq.(41) can be
obtained. Here we assume two ribbons of particles char-
acterized by the pairs R1, (C1) and R2, (C2) being ex-
changed.
F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
F
(i2,j2)(i
′
2,j
′
2)
2;R2(C2)
=∑
n1∈NC1
Γ¯
j1j
′
1
R1
(n1)F
c¯i1 ,qi1n1q¯i′1
1
∑
n2∈NC2
Γ¯
j2j
′
2
R2
(n2)F
c¯i2 ,qi2n2q¯i′2
2 =
=
∑
n2
Γ¯
j2j
′
2
R2
(n2)F
c¯i1 c¯i2ci1 ,c¯i1qi2n2q¯i′2
2
∑
n1
Γ¯
j1j
′
1
R1
(n1)F
c¯i1 ,qi1n1q¯i′1
1
=
∑
n2
Γ¯
j2j
′
2
R2
(n2)F
c¯k,q¯kn
′
2n2q¯i′2
2 F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
=
=
∑
l
Γ¯j2lR2(n¯
′
2)
∑
n′′2
Γ¯
lj′2
R2
(n′′2)F
c¯k,q¯kn
′′
2 q¯i′2
2 F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
=
=
(∑
l
Γ¯j2lR2(q¯i2ci1qk)F
(k,l)(i′2,j
′
2)
2;R2(C2)
)
F
(i1,j1)(i
′
1,j
′
1)
1;R1(C1)
, (51)
where in the third line we commuted the F operators
using (20). In the fourth line we used the fact that
c¯i1ci2ci1 = ck for some k. Furthermore we know that
on one hand ci2 = qi2c1q¯i2 and on the other ck = qkc1q¯k,
hence we have:
(c¯i1qi2)c1(c¯i1qi2) = qkc1q¯k, (52)
which shows that c¯i1qi2 = qkn
′
2 for some normalizer el-
ement n′2 = q¯k c¯i1qi2 ∈ NC2 . In the fifth line we put
n′2n2 = n
′′
2 , change the summation to n
′′
2 and use the fact
that ΓR2 is a representation matrix. We refer to the dis-
cussion below eq.(41) for the physical significance of this
result.
Finally, let us show how the nontrivial R-matrix result
for the case of B-charge in eqs.(39,40) is derived. Assum-
ing we begin in a physical state described by the tensor
W (1), we have∑
i,j
W
(1)
(i,1),(1,j),...(τ,B, . . .)F
(i,1)(1,1)
1,(τ),Id F
(1,j)(1,1)
2,(e),B . . . ,
where now the summation is also over the index j = 1, 2
since B is a 2-dim representation. Also let us assume that
in addition to tensorW (1) there areW (2), . . . ,W (p) which
together form a basis of the topological space. After the
braiding we obtain, again using (37,50):∑
i,j
W
(1)
(i,1),(1,j)(τ,B)
∑
k
Γ¯jkB (ci)F
(i,1)(1,1)
1,(τ),Id F
(1,k)(1,1)
2,(e),B =∑
i,k
∑
j
Γ¯jkB (ci)W
(1)
(i,1),(1,j)(τ,B)F
(i,1)(1,1)
1,(τ),Id F
(1,k)(1,1)
2,(e),B =
=
∑
i,k
W˜(i,1),(1,k)(τ,B)F
(i,1)(1,1)
1,(τ),Id F
(1,k)(1,1)
2,(e),B , (53)
where we denoted W˜(i,1),(1,k) =
∑
j Γ¯
jk
B (ci)W
(1)
(i,1),(1,j).
XV. APPENDIX C: THE AR,ks OPERATORS
The index k enumerates internal degrees of freedom.
As such, it is suppressed for A-charges. For B- charges,
it enumerates a local degree of freedom, since
AR,ks0 F
R′,(1,j),(1,j′)
s0,s1 |gs〉Hk = δR,R′δk,jFR
′,(1,j)(1,j′)
s0,s1 |gs〉Hk ,
AR,ks1 F
R′,(1,j),(1,j′)
s0,s1 |gs〉Hk = δR,R′δk,1−j′FR
′,(1,j)(1,j′)
s0,s1 |gs〉Hk ,
(54)
i.e. the operators AR,ks project onto the states with a
local degree of freedom equal to k or 1 − k, depending
only on the end of the ribbon they act on. In particular
if we create the particles using ribbons anchored at the
auxiliary site x0 they will be oblivious to the value of the
’topological’ index.
Although the operators AB,ks commute with all other
terms in the Hamiltonian, they do not commute with
all local perturbations. Specifically perturbations of the
form As,τrm act in the following way: A
B,1
s As,τrm =
As,τrmA
B,2
s . Since we are really interested in the prop-
erties that are insensitive to the local perturbations we
should put into the Hamiltonian a symmetric superposi-
tion:
ABs = A
B,1
s +A
B,2
s . (55)
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